We have employed the relativistic coupled-cluster theory to calculate the electric dipole matrix elements in the singly ionized barium (Ba + ) and radium (Ra + ). Matrix elements of Ba + are used to determine the light-shift ratios for two different wavelengths on which recent experiments are carried out. By combining the measured light-shift ratios and our calculations, we are able to estimate possible errors associate with the used matrix elements in Ba + . Static polarizabilities of the low-lying states and lifetimes of the first excited P-states are also determined using these matrix elements in Ba + . A similar approach has been followed to estimate the lifetimes and light-shift ratios in Ra + .
I. INTRODUCTION
Recently, both the singly ionized barium (Ba + ) and (Ra + ) are proposed as suitable candidates for the parity non-conservation (PNC) experiments [1, 2] . These candidates are also suitable for the atomic clock experiments [3, 4, 5] . Accurate determination of the electric dipole (E1) matrix elements are essential in achieving sub-one percent PNC amplitudes in the above candidates [2, 6] . They are also crucial in determining the dipole polarizabilities accurately which are required to estimate shifts due to the stray electric fields applied [5, 7] during the measurements in the above proposed experiments. There is no direct method to measure them experimentally. Mainly, these results are estimated from the branching ratio (lifetime) measurements from various states. However, when branching ratios of two or more different channels from a given state are relatively significant, it is not possible to estimate the E1 matrix elements precisely. There are a few branching ratio [8, 9, 10] and lifetime [11, 12, 13] measurements of the first P-states available in Ba + , although they are not very precise to estimate the E1 matrix elements accurately. On the otherhand, such experiments are not available yet in Ra + . It is also possible to calculate the above matrix elements accurately using a highly potential many-body method. Ba + and Ra + are heavy systems implying both the electron correlation and relativistic effects will be much stronger in these systems. Variety of relativistic many-body methods have already been employed to calculate the E1 matrix elements in the considered systems [14, 15, 16, 17, 18] . But the results obtained by all these works differ at significant precision for which they can be used to determine sub-one percent accuracy of the PNC amplitudes or other experimentally measured quantities like light-shift ratios [19, 20] in the considered systems. * B.K. Sahoo@rug.nl In this work, we have employed the relativistic coupledcluster (RCC) method to account more electron correlation effects through the non-linear terms for the determination of many E1 matrix elements in both Ba + and Ra + . These results are then used to evaluate the light-shift ratios in Ba + at two wavelengths on which experiments were conducted [19, 20] . By analyzing the trends of contributions to the light-shift ratios and transition probabilities, we try to give the upper limits to some of the important matrix elements by combining with the experimental result in that system. The matrix elements are further used to determine the lifetimes and static dipole polarizabilities in Ba + . By following the same procedure, we determine in Ra + the lifetimes of the first excited Pstates and light-shift ratios at the same wavelengths in which experiments were carried out in Ba + .
II. THEORY AND METHOD OF CALCULATIONS
The shift of energy in an atomic state |γ, J, M , where J represents the total angular momentum of the state with its azimuthal component M and γ is the additional index representing other required quantum numbers, due to non-resonant ac light in an average period of light oscillations and neglecting the mixing of the magnetic sub-levels is given by [21, 22] 
where E is the applied vector electric field and E z is its magnitude in the z-component. Here α 0 , α 1 and α 2 are the scalar, vector and tensor polarizabilities of the state |γ, J, M . This expression differs by the term containing vector polarizability when the dc electric field is applied.
Using the first-order time-dependent perturbation theory and assuming large detuning from resonance with the applied electric field, the scalar, vector and tensor dynamic polarizabilities of |γ, J, M given as [21, 23] 4) respectively, where D is the E1 operator, [J] is the degeneracy factor equal to 2J + 1, γ ′ and K represent different states than |γ, J, M with opposite parity, matrix elements with double bars represent the reduced matrices, E J/K represent energies of the corresponding states in the absence of the external electric field and ω is the frequency of the applied electric field.
The scalar factors φ i (J, K)'s (i = 0, 1, 2) multiplied in the above equations are defined as
The static dipole polarizabilities can be determined by substituting ω as zero in the above equations. In fact, the vector shift is maximal than other two shifts for the purely circular polarized light when it is aligned with any existing magnetic field [24, 25] . In this case, it is possible to measure the ratio of light shifts instead of measuring the light shifts or light intensities directly. Mathematically, it is equivalent to say as the following; the ratio of the shift in energies of two different states (|γ i , J i , M i and |γ f , J f , M f ) is given by 8) which is known as the light-shift ratio in the literature [19, 20] . The probability coefficient (in s −1 ) due to the allowed transition is given by
where λ (Å) and S
E1
f →i (= | f ||D||i | 2 ) (au) are the wavelengths and strengths of the corresponding transitions, respectively. As seen in Fig. 1 , the first excited P-states in both Ba + and Ra + can decay either to the ground S-states directly or via the excited D-states through the allowed transitions. The lifetimes of these P-states can be evaluated from the inverse of the corresponding net transition probabilities due to all possible transition channels. Therefore, the net transition probabilities for the P-states are given by
and hence, the lifetimes (in s) of these states are given by
where n = 6 and n = 7 in Ba + and Ra + , respectively. Since the transition wavelengths can be determined from the excitation energies from the corresponding transitions, it is clear from the above equations that both the polarizabilities and transition probabilities depend upon the excitation energies (or wavelengths) and E1 matrix elements. Since our motivation in the present work is to verify the accuracies of the E1 matrix elements, we consider the experimental (observational) excitation energies (wavelengths) for our purpose and analyze only the role of the E1 matrix elements from our calculations.
We employ the RCC theory for the Dirac-Coulomb Hamiltonian in the single and double excitations approximation along with the important triple excitations (CCSD(T) method) to calculate the atomic wave functions in both Ba + and Ra + . In this procedure, we express the one valence (v) configuration state function as [26, 27] 14) where the reference state |Φ v is constructed by appending the corresponding valence orbital to the closed-shell Dirac-Fock (DF) wave function |Φ 0 ; which in second quantization formalism is expressed as |Φ v = a † v |Φ 0 . In the above equation, T and S v are the core and valencecore correlation operators. In the linear approximation, the above equation yields the form
As shown in the earlier works, contributions (electron correlation effects) from higher triple and quadrupole excitations arise through the non-linear terms in the CCSD(T) method and their contributions to the various properties in the heavy systems are significantly large [28, 29] . The reduced transition matrix elements Ψ f ||D||Ψ i between two states |Ψ f and |Ψ i are evaluated by
T and N = e
T † e T are the nontruncative series in the ordinary RCC theory. However, in the CCSD(T) method, only up to the effective threebody terms, when they are expanded using the general Wick's theorem, of these series will contribute to the above expression. These terms are calculated step by step and sandwiched between the necessary S v operators to evaluate the matrix elements. In order to estimate the errors associate with the calculated E1 matrix elements, we check the convergence of these results using both the length and velocity gauge expressions which at the single orbital level are given by
in the length form and 18) in the velocity form, respectively. In these expressions, C (1) is the Racah vector with rank one, P i/f (r) and Q i/f (r) are the large and small components of the Dirac single particle orbitals, κ i/f are the relativistic quantum numbers, ǫ i/f are the single particle energies and α is the fine structure constant.
III. RESULTS AND DISCUSSIONS
A. Ba + We present our calculated E1 matrix elements of Ba + in Table I . The reported error bars in these results except from the matrix elements related to the D-and F-states are estimated from the differences between the length and velocity gauge results. It was rather difficult to converge the velocity gauge results for the D-and F-states, therefore we consider the difference between the converged length gauge results using the CCSD(T) method and just by single and double excitations approximation (CCSD method), which are assumed as the upper limit to the contributions due to the neglected excitations, as the error bars. However, these error bars are just used to estimate errors in the light-shift ratio calculations in the considered system and we analyze the accuracy of these results later by fitting with the experimentally measured values of the light-shift ratios at two different wavelengths as discussed below.
We also compare our results with the earlier works in Table I . As seen, most of the important low-lying E1 matrix elements from various works differ at the second decimal places which means the difference is mainly due to the different many-body methods employed and they may not be due to the numerical methods used in the calculations. That is the reason why we have presented our results up to the second decimal places in the above table. As a matter of fact, correct results up to the second decimal places are crucial in obtaining the light-shift ratios correctly as will be shown below. First, we would like to briefly discuss here the important differences in the various works presented in Table I . Geetha et al. [15] have employed the same approach like ours, but they had used part numerical orbitals using GRASP and part analytical orbitals using Gaussian type orbitals (GTOs). In the present work, we have considered pure analytical orbitals using GTOs. Another difference between these two works is that D of Eq. (2.16) is truncated only at the effective one-body terms by Geetha et al. [30] , where other higher order terms have been considered in the present calculation. The main difference in the methods applied by Dzuba et al. [14] and ours have been discussed by Geetha et al. in their work [15] . In summary, they have employed the Green's function technique which is also an all order perturbative method like ours. In their work, the orbitals are also obtained analytically like the present work. However, the level of approximation in both the works could be different which cannot be obviously distinguished. Iskrenova-Tchoukova and Safronova [16] have used linearized CCSD method with important triple excitations and orbitals have been constructed using the B-spline basis. As has been pointed out earlier, the non-linear terms can incorporate higher order correlation effects which are necessary [28, 29] to account in the considered heavy system. Again, the procedure to consider partial triple excitations in their method and in the present work is different. We consider effects of partial triple excitations by estimating each time their contributions to the energy of the corresponding valence state and then solve the CCSD method amplitudes self-consistently which involves the above energy. However, IskrenovaTchoukova and Safronova include them directly in the amplitude determining equations. Guet and Johnson have just applied the relativistic many-body method at the second order approximation (MBPT(2) method) using the B-spline basis to calculate their results in contrast to our method which is all order in nature [27, 28] .
We have used our calculated reduced E1 matrix elements and experimental energies [31] in Eq. (2.3) to obtain the dynamic vector dipole polarizabilities (α 1 ) of the 6S 1/2 and 5D 3/2 states in Ba + at two different wavelengths (of external electric fields) and they are presented in Table II . Only 6P 1/2 , 7P 1/2 , 8P 1/2 , 6P 3/2 , 7P 3/2 , 8P 3/2 , 4F 5/2 , 5F 5/2 and 6F 5/2 intermediate states (K) have been taken into account as they seem to be the most important contributing states as seen from this table. It can be noticed that the magnitude of α 1 s of the 6S 1/2 state are larger than the 5D 3/2 state at both the wavelengths, but their differences are smaller when the frequency of the external field is small. Again, the sign of these quantities are different at the smaller wavelength (514.53 nm), whereas they are opposite at the large wavelength (1111.68 nm). For both the states, the largest contribution comes from the 6P 1/2 state. The next highest contribution arises from the 6P 3/2 state. The third largest contributions to α 1 of the 5D 3/2 state comes from the 4F 5/2 state. Surprisingly, the rest of the contributions are dominated by the higher F-states compared to the P-states. We have given contributions from pure core correlations, core-valence correlations and higher states those are neglected as "Others". The core correlation effects are around 0.319 au and 0.147 au at the wavelengths 514.53 nm and 1111.68 nm, respectively. These contributions are evaluated using the MBPT(2) method. The possible errors due to the omission of the higher states may come from the neglected F-states which seems to be important in the determination of α 1 of the 5D 3/2 state. Therefore, an approach similar to the one applied to determine the dynamic scalar and tensor polarizabilities [32] will be more appropriate to use for the high precision light-shift ratio studies in the present system. Now considering the above results of α 1 for both the 6S 1/2 and 5D 3/2 states and using Eq. (2.8), we obtain the light-shift ratios in Ba + as R λ=514.53nm = −11.36 (20) and R λ=1111.68nm = 0.418(3), where core correlations contribute around 0.6% and 1% at the wavelengths 514.53 nm and 1111.68 nm, respectively. The corresponding experimental results are R λ=514.53nm = −11.494(13) and R λ=1111.68nm = 0.4176(8) at the wavelengths 514.53 nm and 1111.68 nm, respectively [19, 20] . Our results match well with the corresponding experimental results. It shows that accounting core correlation effects are essential for the high precision results in the light-shift studies, although their magnitudes seem to be very small in comparison to the α 1 of the 6S 1/2 state. Especially, their contributions are relatively larger at the higher wavelength (smaller frequency). The errors quoted in our light-shift ratio calculations are obtained from the error bars given for the E1 matrix elements in Table I .
We are now in a position to analyze the accuracy of the E1 matrix elements by studying their contributions to the light-shift ratio calculations. Since contributions from the 6P 1/2 state seems larger, we first analyze matrix elements involving this state. From Table I , we can find that different theoretical predictions of the magnitude (sign is irrelevant for our observable) 6p 1/2 ||D||6s range from 3.30 au to 3.37 au (along with the error bar). Now keeping all other matrix elements unchanged from our calculations, we observe that light-shift ratios vary from R λ=514.53nm = −10.77 and R λ=1111.68nm = 0.337 to R λ=514.53nm = −11.45 and R λ=1111.68nm = 0.432. With 6p 1/2 ||D||6s = 3.33, which is reported by Geetha et al. [15] and Iskrenova-Tchoukova and Safronova [16] , we observe R λ=514.53nm = −11.06 and R λ=1111.68nm = 0.337. Keeping the value of the above matrix element constant, we consider now the range of 6p 3/2 ||D||6s as 4.66 au to 4.76 au and observe from R λ=514.53nm = −11.21 and R λ=1111.68nm = 0.432 to R λ=514.53nm = −10.99 and R λ=1111.68nm = 0.353. To improve these results, we fix now 6p 3/2 ||D||6s = 4.70 and vary 6p 1/2 ||D||6s result again. We find that when we consider 6p 1/2 ||D||6s = 3.35 and 6p 1/2 ||D||6s = 3.37 for 6p 3/2 ||D||6s = 4.70, we get R λ=514.53nm = −11.32 and R λ=1111.68nm = 0.428 and R λ=514.53nm = −11.51 and R λ=1111.68nm = 0.455, respectively. Since the former result, is little close with the experimental results for both the wavelengths, we now keep 6p 1/2 ||D||6s = 3.35 and increase 6p 3/2 ||D||6s result and get R λ=514.53nm = −11.27 and R λ=1111.68nm = 0.412 and R λ=514.53nm = −11.22 and R λ=1111.68nm = 0.396 for 4.72 au and 4.74 au, respectively. Therefore, we conclude now that 6p 3/2 ||D||6s will be around 4.73 au. Now keeping 6p 1/2 ||D||6s = 3.35 and 6p 3/2 ||D||6s = 4.73 when we vary 6p 1/2 ||D||5d 3/2 from 3.00 au to 3.15 au, we get from R λ=514.53nm = −11.93 and R λ=1111.68nm = 0.435 to R λ=514.53nm = −11.02 and R λ=1111.68nm = 0.394. Results close to the experimental measurements are able to produce only when 6p 1/2 ||D||5d 3/2 is around 3.08 au. Now we keep 6p 1/2 ||D||6s = 3.35, 6p 3/2 ||D||6s = 4.73 and 6p 1/2 ||D||5d 3/2 = 3.08 then vary 6p 3/2 ||D||5d 3/2 matrix element from 1.28 au to 1.36 au. We get light-shift ratios close to experimental results when 6p 3/2 ||D||5d 3/2 is around 1.32 au. However, light-shift results vary slowly in the given range of this matrix element while the previous matrix elements considered earlier play the crucial roles in deciding the final results. We now vary 4f 5/2 ||D||5d 3/2 matrix element from 3.50 au to 4.00 au by considering 6p 1/2 ||D||6s = 3.35, 6p 3/2 ||D||6s = 4.73, 6p 1/2 ||D||5d 3/2 = 3.08 and 6p 3/2 ||D||5d 3/2 = 1.32, we get from R λ=514.53nm = −11.57 and R λ=1111.68nm = 0.409 to R λ=514.53nm = −11.36 and R λ=1111.68nm = 0.418. By fixing 4f 5/2 ||D||5d 3/2 = 4.00, when we reshuffle other matrix elements, we get light-shift ratios close to the experimental values for 6p 1/2 ||D||6s = 3.35, 6p 3/2 ||D||6s = 4.72, 6p 1/2 ||D||5d 3/2 = 3.08 and 6p 3/2 ||D||5d 3/2 = 1.34. When we keep these matrix elements constant and vary the matrix element of 4f 5/2 ||D||5d 3/2 , we get the best light-shift ratios for 3.65 au and they correspond to R λ=514.53nm = −11.49 and R λ=1111.68nm = 0.419. For any other combinations, the light-shift ratios vary by large amount from the experimental results; at least for one of the wavelengths.
Again, there are also measurements of the transition probabilities in Ba + available from three different experiments [8, 9, 10] . We evaluate them using the experimental wavelengths (determined from the corresponding experimental excitation energies [31] ) and E1 matrix elements presented in Table I . These results are given in Table III . We have also presented both the experimental and other theoretical results in the same table. It can be clearly noticed that our results in all the cases match well with the experimental results with smaller error bars where as some of the earlier works differ significantly. Differences between all the theoretical works are discussed by Geetha et al. [15] . Now if we consider 6p 1/2 ||D||6s as 3.35 au as we analyzed from the light-shift ratio studies, we get A 6P 1/2 →6S 1/2 as 94.566 × 10 6 s −1 which is at the marginal lower side error limit of Reader et al experimental result [9] . Our A 6P 1/2 →5D 3/2 result is also at the marginal upper limit of Kastberg et al experimental result [8] . If we consider 6p 1/2 ||D||5d 3/2 = 3.08 from the analysis of light-shift ratio studies then we get A 6P 1/2 →5D 3/2 = 35.015 × 10 6 s −1 which is within the experimental error bar.
By gathering all the informations from the analysis of roles of various matrix elements in the light-shift ratios and transition probabilities studies, we arrive in the conclusion at this point that the magnitude of the following matrix elements will be 6p 1/2 ||D||6s 1/2 = 3.36(2) 6p 3/2 ||D||6s 1/2 = 4.73(3) 6p 1/2 ||D||5d 3/2 = 3.08(3) 6p 3/2 ||D||5d 3/2 = 1.34(2) 4f 5/2 ||D||5d 3/2 = 3.73 (20) .
The above conclusions differ from the findings of the previous work by Sherman et al. [20] who find 6p 1/2 ||D||5d 3/2 = 3.14(3) 4f 5/2 ||D||5d 3/2 = 4.36 (36) , where they had combined with Geetha et al [15] results to estimate these values. Further more, light-shift ratio measurements with a large number of wavelengths are required in order to estimate the above E1 matrix elements more accurately.
There are a number of measurements on the lifetimes of the 6p 2 P 1/2 and 6p 2 P 3/2 states are available in the literature [11, 12, 13] , but the associate error bars of these measurements are very large. We evaluate the net transition probabilities of these states using the above matrix elements and experimental wavelengths [31] . We give these results in Table IV and compare with the corresponding experimental results. Results obtained from other works are also given in the same table. As it can be seen from this table that the lifetime of the 6P 1/2 state is more than 2% difference from the earlier findings which needs to be verified by new experiments. Although, our calculation of the lifetime of the 6P 3/2 state is within the error bar of the experimental results and agree with other findings, but the A 6P 3/2 →5D 5/2 contributes around 28% in its evaluation. Since the accuracy of the E1 matrix element of 6p 3/2 ||D||5d 5/2 is not verified well as it has been done for the transition matrix elements involved in the determination of lifetime of the 6P 1/2 state, the lifetime of the 6P 3/2 state may be little different than what we find, but it will be within the error bar that we have given (which is large). The error bars given in our lifetime calculations come only from the error bars of the E1 matrix elements as given above.
Since the knowledge of the static dipole polarizabilities of different states in Ba + is important to estimate shifts in the energy levels when they are subjected to high precision experiments like atomic clock, PNC and so on, we have calculated these quantities for the first five low-lying states in the given system. Likewise vector polarizabilities, the scalar and tensor static dynamic polarizabilities are evaluated using our E1 matrix elements presented in Table I and their experimental excitation energies [31] . We have considered the 6S 1/2 , 7S 1/2 , 8S 1/2 , 5D 3/2 , 6D 3/2 , 7D 3/2 , 5D 5/2 , 6D 5/2 , 7D 5/2 , 4F 7/2 , 5F 7/2 and 6F 7/2 states in these calculations along with the intermediate states considered for the above vector polarizabilities calculations. Again, we have calculated the core correlation effects using the relativistic CCSD method employed for the closed-shell system in our earlier work [33] . The core-valence and higher state contributions other than the matrix elements reported in Table  I are evaluated using the MBPT(2) method. Our static dipole polarizability results of various states in Ba + are presented in Table V . The core-correlation effects for the scalar and tensor polarizabilities are 9.582 au and −0.372 au, respectively. There are experimental results available only for the ground state [34, 35] . Again, a couple of theoretical calculations available for the ground state [16, 36, 37, 38] . Except Iskrenova-Tchoukova and Safronova work [16] , others have employed molecular codes to determine them. Also, Iskrenova-Tchoukova and Safronova have used the E1 matrix elements from the linearized CCSD(T) method to evaluate the ground state polarizabilities. In their work, they have considered only four important matrix elements to evaluate them and we have considered two more higher excited states matrix elements in this calculation. Again, their core-correlation effects are considered using the lower order many-body methods and it is larger than our finding. There are no other results for the excited states available to compare with our results. The error bars given in our calculations are from the errors given for the E1 matrix elements in Table I . The agreement between our ground state polarizability result with its experimental measurement further supports the accuracy of the E1 matrix elements used in this calculation.
B. Ra

+
We have also followed the same procedure as above to determine the light-shift ratios and lifetimes of the first excited P-states in Ra + . We present the various E1 matrix elements used in these calculations in Table VI. The error bars of different matrix elements are estimated using the same procedure followed as in Ba + . There are also other calculations available in this system [14, 18] . Dzuba et al. [14] have used the same method as in Ba + to calculate these matrix elements. The procedure followed by Safronova et al. [18] is based on the linearized CCSD(T) method like Iskrenova-Tchoukova and Safronova work in Ba + [16] . Most of our results match with these calculations, but they still differ at the second decimal places as in Ba + . Since Ra + has been proposed for the atomic clock [5] and PNC experiments [2] , knowledge of the accuracies of the above E1 matrix elements are essential. We propose also similar light-shift ratio measurements at different wavelengths for the same purpose. As a preliminary study, we consider the same off-resonant wavelengths as have been considered in the Ba + experiments [19, 20] and have carried out light-shift ratio calculations. In Table VII, we present the dynamic vector polarizabilities for the 7S 1/2 and 6D 3/2 states at λ = 514.53nm and λ = 1111.68nm. We use our E1 matrix elements presented in Table VI with the experimental energies [31] to evaluate them. In this calculation, we have considered the 7P 1/2 , 8P 1/2 , 9P 1/2 , 7P 3/2 , 8P 3/2 , 9P 3/2 , 5F 5/2 , 6F 5/2 and 7F 5/2 intermediate states.
As seen in Table VII , the trend of the contributions from various intermediate states is same as in Ba + . The core-correlations are little larger compared to Ba + and they are around 0.346 au and 0.159 au at λ = 514.53nm and λ = 1111.68nm, respectively. We obtain around R λ=514.53nm = −6.42 (7) and R λ=1111.68nm = 0.017(1). The given error bars again come from our estimated accuracies of the E1 matrix elements. Since there are no experimental data available in Ra + to check the accuracy of the E1 matrix elements or light-shift ratios, our results will be useful for the future light-shift experiments in this system.
We have already reported polarizabilities of the 7S 1/2 , 6D 3/2 and 6D 5/2 states in our earlier work [5] . However, the knowledge of the transition probabilities and lifetimes of the first P-states in the considered states are not known yet. We use our E1 matrix elements reported in Table VI and experimental energies [31] to evaluate them. In Table VIII , we present the transition probabilities of various channels from the 7P 1/2 and 7P 3/2 states. As seen from this table, the relative transition probability of the 7P 3/2 → 7S 1/2 transition is much larger than the 7P 1/2 → 7S 1/2 transition in the present system compared to Ba + . Since the wavelength of the 7P 1/2 → 6D 3/2 transition is one order larger here, the corresponding transition probability is comparatively smaller. Hence, the lifetime of the 7P 
IV. CONCLUSION
We have employed the relativistic coupled-cluster theory to calculate the electric dipole matrix elements in the singly ionized barium and radium. These elements are used to determine the light-shift ratios and transition probabilities in the singly ionized barium and comparing with the corresponding experimental data, we have estimated the accuracy of various low-lying matrix elements in this system. Further, we have evaluated the scalar and tensor static dipole polarizabilities and lifetimes in the same system. We have also calculated the light-shift ratios, transition probabilities and lifetimes using our electric dipole matrix elements in the singly ionized radium. These data will be helpful in the future experiments in the considered system. 
